The method of multiple scales is used to determine a first-order uniform expansion for the effect of counter-rotating steady streamwise vortices in growing boundary layers on Tollmien-Schlichting waves. The results show that such vortices have a strong tendency to amplify three-dimensional Tollmien-Schlichting waves having a spanwise wavelength that is twice the wavelength of the vortices. An analytical expression is derived for the growth rates of these waves. These growth rates increase linearly with increasing amplitudes of the vortices.
I. INTRODUCTION
We consider the effect of counter-rotating steady streamwise vortices on the instability of growing boundary layers.
We describe a parametric instability mechanism by which such vorticies amplify selected three-dimensional Tollmien-Schlichting waves. To first order, the selected waves have a spanwise wavelength that is twice that of the vortices.
Weak and moderately strong steady streamwise vortices arise abundantly in boundary layers from many causes. In a series of wind-tunnel tests over flat plates with zero-pressure gradient, Klebanoff & Tidstrom (1959) observed steady quasi-periodic variations in the spanwise direction (streamwise vortices) evidently evoked by freestream conditions. Similar vortices were observed in a National Physical Laboratory tunnel specifically designed for the study of two-dimensional boundary layers. Bradshaw (1965) found that these variations may appear downstream of slightly nonuniform settling-chamber damping screens, depending on their solidity. Using the method of matched asymptotic expansions, Crow (1966) inferred the effect of a small, periodic incident transverse flow on the mean boundary layer over a flat plate.
G6rtler (1941) found that a boundary layer over a concave surface is strongly unstable. The instability is manifested by the presence of counter-rotating vortices having their axis in the streamwise direction.
Using the tellurium method, Wortman (1969) gave detailed flow visualization of these vortices on slightly curved walls. Bippes (1978) conducted experiments on walls with radii of curvature of 0.5 and Im so that the generated Gdrtler vortices are fairly strong. He made the flow visible by using the hydrogen-bubble technique and photographed it with a photogrogrammatic sterocamera. He analyzed photogrammetrically the photographs and obtained fairly accurate quantitative information of the flow field.
Unlike the case of preexisting streamwise vo'tices, Gbrtler vortices generated by a concave surface are amplified with streamwise distance. Their amplification is exponential (Smith, 1955) when they are weak and it appears to be linear when they are strong (Bippes, 1978) . Floryan and Saric (1979) gave a comprehensive review of the different analyses of these vortices and, using the model of Smith (1955) , presented fairly accurate numerical results describing these vortices.
In their experiments on the nature of boundary-layer stability, Klebanoff, Tidstrom & Sargent (1962) established that streamwise vortices are associated with nonlinear three-dimensional wave motions. Benney & Lin (1966) modeled the generation of these vortices by the nonlinear interaction of a two-dimensional wave with a three-dimensional wave superimposed on the laminar profile. Using this model, Antar & Collins (1975) calculated these vortices in a boundary layer on a flat plate for different amplitudes of the waves.
A number of experimental studies investigated the influence of steady streamwise vortices on the transition from laminar to turbulent flow. Aihara (1962) , Tani & Sakagami (1964) , and Tani & Aihara (1969) studied the influence of steady streamwise vortices on two-dimensional Tollmien-Schlichtii 1 g waves generated by a vibrating ribbon. They considered the case in which the vortices were generated naturally on a concave surface (Gdrtler vortices) as well as the case in which the vortices were generated artifically by a row of wings on a cancave surface. They measured the distributions of the mean velocity and wave i~S.
II. Problem Formulation
We consider the stability of a basic flow that consists of the superposition of the Blasius or Falkner-Skan flow and a flow corresponding to growing steady quasi-periodic counter-rotating streamwise vortices. Thus we consider the stability of the flow described by U = Uo(xl,y) + vU 1 (x 11 z 1 ,y)cos2$z + (1)
where the subscript o refers to the Blasius of Falkner-Skan flow, the subscript I refers to the flow corresponding the the streamwise vortices,
x, = ex, zi = Lz, c is a small dimensonless quantity that accounts for the quasi-periodicity of the vortices as well as for the streamwise growth of the vortices and the boundary layer, a is a real dimensionless spanwise wavenumber, and cv is a small dimensionless quantity that indicates the strength of the streamwise vortices. In Eqs.
(1) -(4), velocities and lengths are made dimensionless by using a reference velocity Ur and a reference length 6 r* We superpose the small unsteady perturbation quantities eTU(X,y,zt), ETV(X,yz,t), £Tw(x,y,z,t), and :TP (xly,z,t) on those given in Eqs. (1) - (4) so that the total flow quantities become U + LTu, V + ETv, W + LTW, and P + LTP. Here, ET is a small dimensionless quantity that is the order of the amplitude of the TollmienSchlichting waves. In this paper, LT is assumed to be much smaller than
Lv and e so that terms the order of E2 can be neglected compared with LTev and eTE. Substituting these total flow quantities into the dimension-less Navier-Stokes equations, subtracting the basic-flow quantities, and keeping linear terms in the perturbation quantities, we obtain au'+ " + a" = 0,
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where t is made dimensionless by using 6 r/Ur , R = U r 6 r/v is the Reynolds number, and v is the kinematic viscosity of the fluid.
Substituting Eqs. (l)- (4) (5) and (9)-(11) need to be supplemented by initial and boundary conditions. The initial conditions are specified later, while the boundary conditions for an impermeable flat surface are
u, v, w 0 at y =.
III. Solution
We use the method of multiple scales (e.g., Nayfeh, 1973) to determine a first-order uniform expansion for Eqs. (5) and (9) We seek a uniform expansion for Eqs. (5) and (9)- (13) in the form
n0 n 
where n n n
n n n Substituting Eqs. (14)- (18) into Eqs. (5) and (9)- (13) 
Order E: 
the solvability conditions yield two uncoupled equations describing the effect of nonparallelism on A, and A 2 . If a Z a,, we introduce a detuning parameter a defined by
where a 0(1) and express (B -2a1)zo as ozl. Then, imposing the solvability condition that the inhomogeneities be orthogonal to every solution of the adjoint homogeneous problem, we obtain g11 aA
921 aA.
+ 922
where the g's and h's are given in Appendix A together with the adjoint problems. Differentiating Eqs. (19) - (24), respectively, with respect to c and a n and imposing the solvability conditions, one can show that gn2 gn 3 = n (49) gn l a n where w and w are the complex group velocities in the x and z directions.
Since the solutions of Eqs. (47) and (48) 
where hn = h /gn2 h 1 2 = h 12 /g 1 2 ,
It follows from Eqs. (36) - (41) Therefore, adding Eqs. (50) and (51) 
The solutions of Eqs. (52) and (53) are
where c 1 and c 2 are arbitrary constants that can be determined from the initial conditions. Solving Eqs. (54) and (55) gives 
Equations (A.2) and (A.5) show that, in general, h 1 2 is a complex number. Hence, one of the terms multipling cl and c2 decays while the other grows exponentially with distance. Thus, the growth rate a based on u for either the wave with the positive or negative $ is
Equation (59) shows that the growth rate is the sum of three quantities: -ai, the quasi-parallel growth rate; the term proportional to C, the effect of nonparallelism; and the term proportional to cv' the effect of the streamwise vortices. Thus, in a given physical situation, the relative influence of the vortices and nonparallelism depends on the relative magnitudes of c and cv" For maximum amplified waves, = 0(0-3), while for flows over concave surfaces, Ev can be (0.10), depending on the radius of curvature. In such situations, the effects of the vortices dominate the effects of nonparallelism, and the presence of the vortices is a very powerful instability mechanism. Hence, the presence of this mechanism may not be difficult to check experimentally. It should be noted that the present analysis is valid only when the amplitude of the Tollmien-Schlichting waves cT is small compared with the amplitude of the vortices cv" As the Tollmien-Schlichting waves grow, one needs to account for their influence on the vortices.
In fact, they will generate streamwise vortices having an amplitude O(E:2) (Klebanoff, Tidstrom & Sargent, 1962; Benney & Lin, 1960) , which may strengthen or weeken the primary vortices, depending on their phasings. This effect has not been taken into account in this paper. 
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